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A pair of Majorana zero modes (MZMs) constitutes a nonlocal qubit whose entropy is log 2. Upon
strongly coupling one of the constituent MZMs to a reservoir with a continuous density of states, a
universal entropy change of 1
2
log 2 is expected to be observed across an intermediate temperature
plateau. We adapt the entropy-measurement scheme that was the basis of a recent experiment [1] to
the case of a proximitized topological system hosting MZMs, and propose a method to measure this
1
2
log 2 entropy change — an unambiguous signature of the nonlocal nature of the topological state.
This approach offers an experimental strategy to distinguish MZMs from non-topological states.
Introduction.– The Majorana qubit is a nonlocal
two-level system formed by two Majorana zero-modes
(MZMs). These MZMs may appear, for example, in vor-
tices of topological superconductors [2–4], as quasiparti-
cles of exotic fractional quantum Hall states [2], or at the
edges of (quasi) 1D topological superconductors [5–15].
Despite an enormous body of theoretical and experimen-
tal work [8, 16, 17], there is not yet conclusive evidence
of the nonlocal nature of these zero modes that would
distinguish them from nontopological states. In this pa-
per, we propose an alternative direction towards this goal
based on entropy measurements.
Traditional techniques for measuring entropy are diffi-
cult to apply to MZMs, due to the relatively large back-
ground contribution of the phonon bath in materials or
devices that would host them. Recent progress has been
achieved towards measuring the entropy of quasiparti-
cles of exotic fractional quantum Hall states via ther-
malization times [18], or thermoelectric effects such as
thermopower [19–21]. Thermopower can also be used
to extract entropy changes in quantum dot states [22].
Another efficient way to measure entropy in electronic
nanostructures is via the temperature dependence of
charge transitions, relying on a Maxwell thermodynamic
relation, dSdµ
∣∣∣
T
= dNdT
∣∣
µ
, that connects changes in the
entropy, S, with chemical potential, µ, to changes in
the particle number, N , with temperature, T [23–25].
This idea was implemented in an experiment measuring
the log 2 entropy of a spinful quantum dot (QD) in the
Coulomb blockade regime using a charge detector [1].
Here, we show theoretically that the approach in Ref. 1
can be applied to measure the nontrivial entropy associ-
ated with MZMs at the end points of topological 1D su-
perconductors. While our discussion focuses mainly on
semiconducting nanowires [5–11], the approach is general
and should be operational in any system hosting MZMs,
including fully-open systems like quasi-one-dimensional
Josephson junctions [12–15]. There are two factors that
make the measurement of MZM entropy more challeng-
ing. First, MZMs naturally come in pairs, as in the Ma-
jorana qubit, which like any two-level system has the
trivial entropy log 2. Accessing the topological character
of the MZM requires a measurement protocol that can
resolve the entropy of an individual MZM. We build on
the well-studied problem of impurity entropy in the two
channel Kondo (2CK) model [26, 27], which maps to the
problem of a MZM coupled to a lead with a continuous
density of states [28, 29]. In this case, a universal 12 log 2
entropy plateau [30] can be observed, that provides the
tell-tale signature of the nonlocal MZM state.
Second, this measurement protocol is sensitive only to
changes in entropy, not the absolute entropy of a state. In
a spinful QD, one can start from the case of zero electrons
(N = 0, hence S = 0) and then, using a gate voltage
to add electrons, build up the entropy of higher charge
states one by one. In the case of MZMs, the entropy is
not directly dependent on N , that is, on the parity of the
MZM-hosting island. To solve this problem, we develop
a scheme in which the topological 12 log 2 entropy of a
Majorana qubit coupled to a single lead can be turned
on or off by the charge on a sensor QD. The total entropy
of dot plus qubit is then N -dependent, providing access
to the MZM state via the protocol in Ref. 1.
The measurement we propose is laid out in Fig. 1: a
quantum circuit that contains a Majorana qubit (for con-
creteness, we consider a wire with well-separated MZMs
at either end), with one end coupled to a lead across
a barrier whose height depends electrostatically on the
charge (eN) of a nearby QD. The QD is assumed to be
in the Coulomb blockade regime, described by a classical
charging energy E(N) = EcN
2 − µN . N can be con-
trolled by the chemical potential µ of a nearby reservoir
from which electrons can tunnel onto the dot, although
in an experiment µ would presumably be fixed and N
would be tuned by an electrostatic gate. Charge steps
N → N + 1 are measured by a nearby charge detector.
In the rest of the paper, we describe how this circuit
can measure the 12 log 2 entropy of a single MZM. Cru-
cially, we find that while the entropic signature of a MZM
is a robust 12 log 2, that of an Andreev bound state (ABS)
accidentally tuned to zero energy may be anywhere be-
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FIG. 1. Schematics of the proposed entropy measurement.
The “system” consists of a Majorana qubit with two MZMs,
with MZM1 coupled to a lead via coupling V that is sensi-
tive to the charge N on a nearby quantum dot (QD) in the
Coulomb blockade regime. QD charge steps, from N to N+1,
can be detected by a nearby sensor and induced by raising the
chemical potential µ on a reservoir tunnel-coupled to the QD.
In the graph, the leftward shift of the charge steps with in-
creasing temperature indicates entropy changes [Eq. (2)].
tween the trivial log 2 and 12 log 2. Low-energy ABSs are
often feared to mimic MZMs in conductance measure-
ments. A robust strategy to distinguish the two scenarios
by their entropy offers an important step forward.
Entropy detection method.– Consider a system whose
free energy, F = F (X), depends on a generic parameter,
X. If X is affected electrostatically by the QD, specifi-
cally by N , we have X = X(N) and F (X(N)) = F (N).
In Fig. 1, the “system” is delineated by the dashed box
and X is the coupling, V (N), between γ1 and the lead.
Within this framework, changes in the system entropy
will be reflected by the temperature dependence of charge
steps in the QD. While the QD affects the system elec-
trostatically, at finite T there is a thermodynamic back-
action of the system on the QD: theN -dependent entropy
of the system gives higher weight to charge states with
higher entropy. The charge on the dot is a minimiza-
tion of a thermodynamic potential, and this potential is
affected both by the QD itself and by the system.
With a reservoir at chemical potential µ, the total par-
tition function of system and QD at temperature T is
Ztot(µ, T ) =
∑
N
e−
F (N)+E(N)
T . (1)
The QD is assumed to be spinless (that is, spin de-
generacy is broken), although including QD spin would
not change our results significantly. The average num-
ber of electrons in the QD is N(µ) = T d logZtotdµ , and
the total entropy of the combined QD and system is
Stot = −dFtot/dT , where Ftot = −T logZtot. The sys-
tem’s entropy S can be readily separated from the total
by subtracting the trivial entropy of the QD, which is
log 2 at the charge degeneracy points and drops expo-
nentially to zero away from these points.
The graph in Fig. 1 shows an example of QD charge
steps, N(µ), induced by raising the reservoir chemical po-
tential, for two different temperatures. The charge steps
broaden with T . They also shift to the left, an effect
that can be understood by integrating the Maxwell rela-
tion dStotdµ |T = dNdT |µ between two values of µ:
∆Stot|µ1→µ2 =
d
dT
∫ µ2
µ1
N(µ)dµ. (2)
Graphically, the entropy change ∆Stot is given by the
temperature-induced variation of the area beneath the
curve N(µ). Choosing µ1,2 deep inside Coulomb valleys,
the horizontal leftward shift of each step with increasing
temperature indicates that the system entropy is increas-
ing with N .
Before proceeding with the analysis of MZM entropy
detection, it is helpful to compare the experimental pro-
tocol proposed here with the measurement described in
Ref. 1. In that case, the measured entropy came from
the spin of the QD itself; there was no external “system”
of the type shown in Fig. 1. Ref. 1 considered QD tran-
sitions from a spinless state with an even number N0 of
electrons, to a spinful state with N0 + 1 electrons. As a
result, the N -dependent spin degeneracy of the QD ef-
fectively makes up the system whose entropy is being
measured, and at a mathematical level it can be an-
alyzed in the same way as the present protocol. The
entropic contribution to the QD charge step is thus ac-
counted for in Eq. (1) by F (N0) = −T log 1 = 0 and
F (N0 + 1) = −T log 2, yielding a charge step N(µ) =
N0+2e
−E(N0+1)
T /
(
e−
E(N0)
T +2e−
E(N0+1)
T
)
that shifts towards
smaller µ at higher T . Integrating the area correspond-
ing to this shift [Eq. (2)] gives the expected log 2 entropy
change as a spinful electron enters the QD [1].
From the point of view of the entropy measurement
itself, the case of a Majorana qubit is only slightly more
complicated than the simple analysis above, but from
a microscopic point of view the thermodynamics of the
system in Fig. 1 requires a more careful consideration.
Entropy change of Majorana wire side-coupled to a
lead.– Consider the total Hamiltonian H = Hwire +
Hwire−lead + Hlead. To describe a wire in the topo-
logical regime we consider the Kitaev chain model for
Hwire [5, 31]. The first site of the Kitaev chain, de-
scribed by fermionic creation operator a†1, is then cou-
pled via normal hopping Hwire−lead = twla
†
1c1 + H.c.
to a lead of gapless fermionic excitations, described by
a half-filled tight-binding chain of length L, Hlead =
−t∑L−1j=1 (c†jcj+1 +H.c.) having level spacing δ = 2pitL for
large L. In the analysis that follows, we report energy
in units of t, a quarter of the bandwidth of the lead and
analogous to the Fermi energy in a real system.
Within the topological regime of the wire, that is, at
3γ2 c
γB
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FIG. 2. Absorption of a MZM into a band. (a) Effective
model Heff of a Kitaev chain coupled to a lead modeled by a
tight-binding chain, and its equivalent in terms of Majoranas
in the lead. (b) BdG spectrum for L = 10 versus V . All
energies are given in units of the tight binding hopping t.
energy scales low compared to the energy gap of Hwire,
an effective description for the full Hamiltonian H is pos-
sible in terms of the pair of MZMs γ1,2 (Fig. 2a), namely,
Heff = iV (e
iφ1c†1 +e
−iφ1c1)γ1 + iV2(eiφ2c
†
1 +e
−iφ2c1)γ2 +
iε12γ1γ2 + Hlead. Here, the hopping term between γ1
and the metallic lead is V ∝ twl [31]. The phases φ1
and φ2 are set to zero in this work, as are the couplings
ε12, between the two MZMs, and V2, between γ2 and the
lead, because both are expected to decay exponentially
with the topological wire length. As a result, we have
Heff → iV (c†1 + c1)γ1 +Hlead, unless otherwise noted.
It is instructive to first look at the evolution of
the single-particle energy levels, i.e., the Bogoliubov-de
Gennes (BdG) spectrum of Heff , as the coupling between
γ1 and the lead is turned on (Fig. 2b). For clarity, we
consider the case of small L, where the discrete levels
are clearly separated. At V = 0, the spectrum consists
of the levels of the tight-binding chain, Ej = 2t cos
pij
L+1
(j = 1, . . . , L), and a doubly degenerate zero energy state
from the decoupled MZMs. The effect of V is included
by decomposing the tight-binding chain into two Majo-
rana chains denoted A and B in Fig. 2a. Without loss of
generality, the latter can be defined such that γ1 couples
only to the A-Majorana chain [31].
When V is large, the zero energy level associated
with γ1 is absorbed into the A-Majorana chain, leading to
a shift of the other A-Majorana levels (blue in Fig. 2b) by
approximately half of the level spacing in the lead. The
shifting of levels occurs up to an energy scale Γ = 2V 2/t
that depends on V, and can be interpreted as the width
of γ1. The B-Majorana chain (red) is unaffected, because
it decouples from γ1 and γ2 is not coupled to the lead.
The absorption of one MZM into the levels of the lead
induces a universal change in the total entropy of the
system, for temperatures greater than the level spacing
in the lead but less than Γ. This change in entropy is
∆SV ≡ S(V )−S(V = 0), where S(V = 0) is the entropy
of the isolated tight-binding chain, of order O(L), plus
an extra log 2 from the decoupled MZMs.
The drop in entropy induced by coupling to the lead,
∆SV , is plotted in Fig. 3 over a wide range of T and
Γ. The curve in Fig. 3a is obtained from a numerical
diagonalization of Heff , followed by a calculation of the
entropy S(V ) = −dF/dT for the fermionic free energy
F = −T∑Ei log(1 + e−|Ei|/T ) [32]. This curve illus-
trates the characteristic signatures of MZM entropy that
underpin the proposed experiment. In the limit of low
temperature (T  δ), ∆SV is zero because the system
entropy, S = log 2, is independent of V : the temperature
is not large enough for the chain levels to contribute,
leaving only the pair of Majorana states at zero energy.
At temperatures larger than the level spacing but less
than the width of γ1, both S(V ) and S(V = 0) contain
O(L) contributions from the chain levels. The net effect
of the coupling then is a reduction by one in the number
of Majorana levels within an energy window of T , giving
∆SV = − 12 log 2 over the range δ  T  Γ. ∆SV re-
turns to zero when T rises above Γ. It is this final step
in ∆SV that is detected by the circuit in Fig. 1.
Figure 3b compares the numerical diagonalization of
Heff to an analytic expression for ∆SV valid in the con-
tinuum limit δ  T and when Γ  t. Its derivation
implies a different conceptual framework to understand
the 12 log 2 rise of ∆SV when Γ falls below T . In this
approximation, the entropy change is determined by the
free energy of the MZMs, ∆SV = −dFMZM/dT − log 2,
where FMZM = −T
∫∞
−∞ dEρ(E) log(1 + e
−|E|/T ) is de-
termined by the contribution of the MZMs to the den-
sity of states in the continuum limit [28, 31, 33, 34],
ρ(E) = 12δ(E) +
1
2
Γ/pi
Γ2+E2 . The first term in ρ(E) cor-
responds to the decoupled MZM, γ2; the second corre-
sponds to the hybridized MZM, γ1. Both terms con-
tribute 12 log 2 to the entropy for T  Γ, while for T  Γ
only the first term contributes.
Coulomb steps.– The effect of the Γ-induced entropy
change on the QD charge steps can be understood us-
ing Eq. (1), analogous to the earlier discussion for spin-
ful QDs [1]. For illustration, we analyze the ideal case
where a single charge step in the QD results in a tran-
sition between limits Γ0  T (N = 0) to Γ1  T
(N = 1). When N = 0, γ1 is absorbed in the lead,
and the remaining free energy is FMZM(Γ0) = −T2 log 2
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FIG. 3. (a) Entropy versus temperature for the effective
model Heff in Fig. 2a, obtained by numerical diagonalization,
illustrating the fractional − 1
2
log 2 plateau at δ  T  Γ
(L = 5000, t = Γ = 1). (b) Entropy versus wire-lead hy-
bridization Γ at two temperatures T1, T2. Γ sets the width of
γ1, and as it decreases below temperature, the universal step
1
2
log 2 takes place in entropy. Numerical results (solid) are
compared with the analytic expression (dashed) obtained us-
ing FMZM from the text (L = 1500, T1 = 0.004t, T2 = 0.016t).
due to γ2. When N = 1, FMZM(Γ1) = −T log 2 be-
cause both MZMs are free. Using Eq. (1), one finds
N(µ) = T d logZtotdµ ≈ 2e−(Ec−µ)/T /(
√
2 + 2e−(Ec−µ)/T )
for the N = 0 → 1 transition, with a charge degeneracy
point N(µ) = 12 that shifts to the left by −T2 log 2. In
general, degeneracies of consecutive charge states shift by
∆µN,N+1 = F (N + 1)− F (N) ' −T (SN+1 − SN ) if the
main effect on free energy F (N) is due to entropy SN .
As a practically relevant example, a sequence of QD
charge steps is simulated for a device in which Γ depends
exponentially on the barrier height, and therefore on N .
Fig. 4a shows results of this simulation at two tempera-
tures, T1 = 0.02 and T2 = 0.04, where Γ decreases from 1
to 0.0003 across the first two charge steps. The entropy
calculated from the integrated difference between N(µ)
at the two temperatures is shown in Fig. 4b. The entropy
rise across the first peak, due to the reduction of Γ from 1
to 0.02, is consistent with the shift of the charge degener-
acy point (Fig. 4a inset). The value of this entropy rise is
less than the full 12 log 2 because the crossover to Γ T
is not reached until next charge step. An additional log 2
µ
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FIG. 4. (a) Coulomb steps of the QD in Fig. 1 for two tem-
peratures T1 = 0.02 and T2 = 0.04 (Ec = t = 1). Γ depends
exponentially on N as Γ(N) = e−4N , with calculated val-
ues shown in graph. Inset: zoom-in of the first charge step,
showing the shift with temperature, ∆µ, of the charge degen-
eracy point N(µ) = 0.5. (b) Entropy obtained by integration
of N(µ)’s from panel a), followed by a discrete T−derivative
between T1 and T2 to approximate Eq. (2).
entropy at µ = Ec and 3Ec is associated with QD charge
degeneracy, and may be useful for calibration.
Andreev bound states.– The entropy signature obtained
for MZMs is readily distinguished from that of a regular
fermionic level tuned to zero energy. Let us assume the
existence of such a level, created by d† and coupled to
the lead via V d†c1 +H.c.. As V increases, such that Γ =
2V 2/t increases from Γ T to Γ T , we would find for
a fermionic level tuned to zero energy that the entropy
change ∆SV for T  δ is doubled, ∆SV = log 2 [31].
This can be understood from the viewpoint of non-
topological states (ABSs) as two spatially overlapping
MZMs, which would generically couple to the lead with
similar magnitudes [31]. Tuning the state to zero energy
corresponds to tuning the matrix element between the
two MZM wavefunctions to zero. Depending on the non-
universal ratio between the two MZM-lead couplings,
∆SV could range between
1
2 log 2 and log 2. In contrast,
a topological MZM leads to a robust entropy change of
1
2 log 2 with exponentially small corrections. Only in the
5case of a simultaneous coincidence [31] – the ABS fine-
tuned to zero energy and a particular type of asymmetric
coupling between the two MZMs to the metallic lead –
does the entropic signature fail to identify the nontopo-
logical character of the ABS.
Experimental observability.– One requirement for ob-
serving a fractionally quantized entropy change is that
the temperature be in the range δ  T  Γ. Recent
measurements of quantized Majorana conductance [11]
imply a Majorana width Γ ∼ 50−100µeV ; since a metal-
lic lead has effectively vanishing level spacing, this con-
dition can be readily satisfied.
The second key requirement is a sensitive dependence
of the wire-lead coupling on the QD charge. To achieve
this, one could implement the wire-lead barrier using an
unoccupied dot with virtual transport through the first
level [35, 36]. This process is very sensitive to charge on
the QD. Alternatively, the barrier’s height can include a
capacitive term that couples it to the entropy-measuring
QD; in this case multiple Coulomb steps might be re-
quired to recover the full 12 log 2 change in entropy.
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6Appendix I: Analytic form of the MZM entropy
For completeness, in this appendix we derive the an-
alytic expression for the MZM’s contribution to the free
energy FMZM(Γ) and entropy. We adopt calculations bor-
rowed from the 2CK model [28, 33, 34].
Consider the model H = Hwire + Hwire−lead + Hlead.
The Kitaev chain offers a simple effective model for a
topological wire,
Hwire =
LSC−1∑
i=1
(−Ja†jaj+1 + ∆a†ja†j+1 +H.c.)− 
LSC∑
i=1
a†jaj ,
(3)
which exhibits a topological transition at  = ±2J . A
pair of MZMs appears near the spatial edges of the chain
for || < 2J ; the energy gap is given by |− 2J |. The end
of the chain is coupled via normal hopping
Hwire−lead = twla
†
1c1 +H.c. (4)
to a lead of gapless fermionic excitations, described by a
tight-binding chain of length L,
Hlead = −t
L−1∑
j=1
(c†jcj+1 +H.c.). (5)
Setting parameters to the sweet spot of the Kitaev
model J = ∆,  = 0, we have Hwire = −
∑LSC−1
i=1 J(a
†
j +
aj)(aj+1 − a†j+1). In this case γ1 = a
†
1−a1√
2i
and γ2 =
a†LSC+aLSC√
2
are the free MZMs at the ends of the wire.
We use the convention {γi, γj} = δij .
At energies smaller than the topological gap, we
project the wire-lead Hamiltonian Hwire−lead = twla
†
1c1 +
H.c. into a coupling of MZM γ1 to the lead, as
Hwire−lead → i
√
Γt
c†1+c1√
2
γ1. At the sweet spot
√
Γt = twl.
Away from the sweet spot the wave function of the cou-
pled MZM has a finite length ξ measured in units of the
lattice constant, and in this case the effective coupling is√
Γt ∼ twl/
√
ξ.
Starting from the effective model
Heff = i
√
Γt
c†1 + c1√
2
γ1 +Hlead, (6)
(which is the same as in the main text with a notation
change
√
Γt/2 ≡ V ), we project into the low energy
modes of the tight-binding chain at half filling. For open
boundary conditions the eigenmodes are annihilated by
ck =
√
2√
L+1
∑L
j=1 sin
pijnk
L+1 cj , (nk = 1, . . . , L) with en-
ergy Ek = 2 cos
pink
L+1 . Near wave number kF = pi/2 the
dispersion is linear k = −2t(k − kF ) with level spac-
ing δ = 2pitL . Inverting this transformation we have
cj=1 =
∑
k
√
2√
L+1
sin pinkL+1ck. Projecting Heff into the k-
modes defined around kF = pi/2 we have
Heff =
∑
k
kc
†
kck + i
√
Γt
∑
k
√
2√
L+ 1
(c†k + ck)γ1. (7)
We use this Hamiltonian to compute the MZM Green
function and contribution to the density of states. Out
of the two MZMs we define a Dirac fermion
γ1 =
d† + d√
2
, γ2 =
d† − d√
2i
, (8)
with d† = γ1+iγ2√
2
. The retarded d−Green function is
Gd(ω) = −i
∫∞
0
dte−δteiωt〈{d(t), d†}〉, (δ = 0+), giving
us the MZM contribution to the density of states ρ(ω) =
− 1pi ImGd(ω). For V = 0, Gd(ω) = (ω + iδ)−1, and the
MZM density of states is just ρ(ω) = δ(ω).
For V 6= 0, assuming 12 = 0 so that the two MZMs are
decoupled, we have Gd(ω) =
1
2Gγ1(ω) +
1
2Gγ2(ω) where
Gγi(ω) = −i
∫∞
0
dte−δteiωt〈{γi(t), γi}〉. Also, as long as
12 = 0 we have Gγ2(ω) = (ω + iδ)
−1, namely MZM
γ2 remains decoupled. The Gγ1 Green function can be
computed to infinite order in V , Gγ1 =
1
ω−Σ , where the
self-energy Σ is of second order in the perturbation in
Eq. (7)
Σ(ω) = (tΓ)
2
L
∑
k
Gk(ω), (9)
and where Gk(ω) = (ω − k + iδ)−1 is the Green func-
tion of the k-states in the leads. Replacing the sum by
an integral in the infinite band limit
∑
k =
∫∞
−∞
dk
δ we
have simply Σ(ω) = −iΓ. Thus, the contribution to the
density of states from the MZMs is
ρ(ω) =
1
2
δ(ω) +
1
2
Γ/pi
ω2 + Γ2
. (10)
Finally, we can use this result for the MZM’s con-
tribution to the density of states to obtain their con-
tribution to the free energy and entropy. For a sin-
gle particle Hamiltonian with eigenvalues i and density
of states ρ(ω) =
∑
i δ(ω − i) the free energy is F =
−T∑i log(1 + e−i/T ) = −T ∫ dωρ(ω) log(1 + e−ω/T ).
The MZM contribution to the free energy and entropy
S = −dF/dT is obtained by this formula with the MZM
density of states ρ.
Appendix II: Effective model for Andreev bound
states
In order to distinguish the entropy contribution of a
MZM from that of a non-topological state, we consider a
regular fermionic level tuned to zero energy. It is coupled
to the lead, described by Hamiltonian Hlead via a cou-
pling δH = V d†c1 + H.c., displayed in Fig. 5a. Since d
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FIG. 5. (a) A tight-binding chain coupled to a conventional,
non-Majorana fermionic level d†, described by Hamiltonian
Heff,ABS, representing a nontopological Andreev bound state.
(b) the spectrum as function of V for a chain of length L = 10.
When the d level gets absorbed into the band all the low
energy levels move away, while in the Majorana case only
half of the metallic levels (represented by γA in Fig. 2a in the
main text) respond.
can be decomposed into two MZMs, this model is equiv-
alent to two MZMs coupled to the lead, see Fig. 5b. This
is of the same form of the effective model used in the
main text,
Heff = iV (e
iφ1c†1 + e
−iφ1c1)γ1 + iV2(eiφ2c
†
1 + e
−iφ2c1)γ2
+ Hlead + iε12γ1γ2. (11)
In the extreme case of an an ABS we have V = V2. Fur-
ther more 12 = 0 corresponds to a zero energy level. The
evolution of the single-particle levels is shown in Fig. 5c.
We can see that as V increases, zero energy levels repel
all the levels of the tight binding chain, not only those
of the A-Majorana chain as in Fig. 2b in the main text.
As a result, the plateau in ∆SV for intermediate T [c.f.
Fig. 3a] is doubled, ∆SV = log 2.
This should be contrasted with the case of a MZM. In
this case V2 = 0, and a single MZM coules to the lead.
The effect of V can be understood, as described in the
main text, by decomposing the tight-binding chain into
two Majorana chains denoted A and B, described by the
Hamiltonian
Hlead = t
L−1∑
j=1
(c†jcj+1 +H.c.)
= 2it
L−1∑
j=1
(γAjγAj+1 + γBjγBj+1), (12)
with cj =
γAj+iγBj√
2
for odd j and cj =
γBj−iγAj√
2
for even
j. Using this decomposition of the fermionic states in
the lead, we see that γ1 couples only to the A-Majorana
chain (Fig. 2a in the main text), and as a result, only half
of the levels move upon increasing V (Fig. 2b), leading
to an entropy change of 12 log 2.
More generally, a non-topological accidental zero en-
ergy state can be represented by two MZMs which are
coupled to the lead with independent coefficients V and
V2 as in Eq. (11), see Fig. 5b. To see this consider a
superconductor on a 1D line with electronic creation op-
erator ψ†(x). The creation operator of a quasiparticle
is
Γ† =
∫
dx[u(x)ψ†(x) + v(x)ψ(x)]. (13)
Representing the electron creation and annihilation by
Majorana fields,
ψ(x) = (α(x) + iβ(x))/2, (14)
with α(x) = ψ†(x) + ψ(x) = α†(x) and β(x) =
i[ψ†(x) − ψ(x)] = β†(x) we can write Γ† =∫
dx[ 12 (u(x) + v(x))α(x) +
i
2 (v(x) − u(x))β(x)] ≡∫
dx [φα(x)α(x) + φβ(x)β(x)]. A special situation is the
MZM case, where the wave function φα(x) is peaked at
one end and φβ(x) on the other end, so that coupling a
lead to one end of the wire ensures a coupling to only
one MZM. However it is possible to have a rare situa-
tion in which φα(x) and φβ(x) overlap in space so that∫
φα(x)φβ(x)dx 6= 0, but still the matrix element of the
Hamiltonian of the wire, H(x), between these wave func-
tions is zero Vαβ =
∫
φα(x)H(x)φβ(x)dx = 0. In this
case one has an Andreev state with zero energy.
An additional fine tuning may nullify, for example, the
matrix element of β(x) with the lead. That occurs when∫
φβ(x)V (x)φlead(x)dx = 0, with V (x) describing the
tunneling potential between the lead and the wire and
φlead(x) is the wave function of an electron in the lead.
Only in the case of a simultaneous coincidence—the ABS
fine-tuned to zero energy and a particular type of asym-
metric coupling to the metallic lead—would the entropic
signature fail to identify the nontopological character of
the ABS. Essentially one then has a fine-tuned local pair
of MZMs.
